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Analytic sensitivities with respect to configuration shape design variables are derived for state-space models of
aeroservoelastic systems excited by gust inputs. Minimum-state rational function approximations are used to
transform aerodynamic load expressions from the frequency domain to the time domain, and sensitivities of such
approximations are extended from terms associated with structural motions to terms associated with the downwash
due to gusts. Sensitivity-based approximations of the resulting gust response behavior, including Taylor-series based
direct approximations of the rms of the response, or Lyapunov equation solutions using Taylor-series based
approximate system matrices are compared. The paper contributes to the development of design-oriented analysis

techniques for multidisciplinary design optimization of flight vehicles.

Nomenclature

[A.l, [B.], [C,] =  state-space model matrices of gust
delay rational transfer function [defined
in Eqgs. (28) and (29)]

[Agl. [Bs), [Cél =  state-space model matrices of gust filter
[defined in Eq. (45)]

[Ao],[A],[A,],... =  rational approximation matrices

a = low pass filter parameter [Eq. (43)]

{B} =  state-space white noise input vector

b = reference semichord length of wing

[C] =  damping matrix

[D], [E] =  rational approximation matrices of lag
terms

DV = design variable

E = Young modulus

G =  shear modulus

Hg = gust-filter transfer function [defined in
Eq. (43)]

1] = identity matrix

Jj = pure imaginary number, j = —/1

K] =  stiffness matrix

k = reduced frequency

L = distance to the reference point of
certain gust zone

[L] =  state-space model aeroelastic matrix

lg = scale of turbulence

M] = mass matrix

m = number of gust vectors approximated
together

n = number of states

n, = order of the gust delay rational
approximation

ng = number of gust zones
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Subscripts and Superscripts

F

G
max
REF
ref

number of lag terms

aerodynamic generalized force
coefficient matrix

dynamic pressure

diagonal matrix of lag roots
Laplace variable

time takes gust to reach a reference
point of certain gust zone

time

speed of flight

white noise

vector of vertical gust velocity inputs
covariance matrix of the state-space
vector {x}

state vector [Eq. (46)]

state vector related to gust delay
[Eq. (27)]

state vector related to gust filter
[Eq. (44)]

vector of aerodynamic states related to
gust [Egs. (15) and (16)]

vector of aerodynamic states [Eq. (14)]
half-span length of tail and wing,
respectively

induced angle of attack

roots of lag terms

sweep angle of wing

damping ratio

poles

vector of generalized structural
dynamic motions

density

covariance

gust rms

defined in Eq. (42)

matrix of eigenvectors

frequency of oscillation

flutter

gust

maximum value

reference design point

reference point related to gust (the
point where gust is measured)
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t tail

tr, tt = tail’s root and tip respectively

w =  wing

wr, Wt = wing’s root and tip, respectively
z = zdirection

Functions and Operators

~ = “combine” operator [see Eqs. (30) and

(BD]

I = defines the division of gust zones
approximated together

1 = relates to the / division of gust zones
[defined in Eq. (35)]. Used to combine
filters of gust delay into one division

11 = defines the division of gust zones

approximated separately [defined in
Eq. (39)]

I. Introduction

ONFIGURATION shape variations, during the design

optimization of flight vehicles, make it necessary to remesh
for and recalculate unsteady aerodynamic forces with every shape
change. Even in the case of linearized aerodynamics, used
successfully for aeroservoelastic analysis of flight vehicles over the
last 30 years, the computational effort required for the repetitive
generation of unsteady aerodynamic influence coefficient matrices
and generalized loads is significant. The problem becomes more
demanding when frequency-domain unsteady aerodynamic force
coefficients are transformed into the time domain using rational
function approximations. When the minimum-state (MIST) rational
function approximation is used [1], leading to reduced order coupled
aeroservoelastic time-domain mathematical models, its generation
process is iterative, lengthy, suffers from a nonuniqueness problem,
and in practical applications it has to be stopped before full
convergence is reached. These issues make the calculation of
sensitivities of time domain unsteady aerodynamic terms with
respect to shape design variables difficult. Such sensitivities are
important, because they can be used to construct approximate
expressions for the unsteady aerodynamic force terms in terms of
shape design variables, and thus, help to accelerate the repetitive
generation of aeroservoelastic models considerably [2]. In a previous
paper [3] a method for calculating shape sensitivities and
approximations of time-domain unsteady aerodynamic forces and
aeroservoelastic models was presented.

Exploratory studies in [3] focused on the stability (flutter)
problem. The goal of the present paper is to extend the techniques
described in [3] to cases where gust aerodynamic columns are
present in the unsteady aerodynamic matrices, and to study shape
sensitivity calculation and approximation techniques in the case of
the gust response problem.

This extension is challenging, because unsteady aerodynamic
gust force elements can have complex dependency on reduced
frequency for simple harmonic motions [4], and because this
complex behavior is difficult to capture by time-domain rational
function approximations such as the Roger and minimum-state
approximations. The problem is especially severe in the case of
configurations with highly swept wing and wing/horizontal tail
combinations. The paper opens with a complete derivation of state-
space equations for general flight vehicle configurations excited by
gust inputs, where gust inputs over separate zones are transformed
from the frequency domain to the time domain separately, and then
linked to a single gust input for the configuration. Analytic
sensitivities of all state-space matrices are then derived, followed by
analytic sensitivities of the state covariance matrix and rms values of
individual responses. Accuracy of the new sensitivity expressions
and alternative behavior approximations based on those sensitivities
is finally evaluated.

II. Time-Domain Aeroelastic Equations
for Gust Response
A. Aeroelastic System Excited by Gust Inputs at Different Gust
Zones
The linear aeroelastic problem (corresponding to structural
degrees of freedom) including gust excitation can be formulated in
the Laplace domain as follows:

(2IM] + S[C] + [K] — qpl QD E(s)} = qD[QG(s)]{’”G(S>}

Vv
(€]

where [Q(s)],x, is the Laplace-transformed generalized aerody-
namic force coefficient matrix, [M],x,,» [Cluxn> [K]ux, are structural
inertial, viscous damping, and stiffness matrices, respectively, g, is
dynamic pressure, and n is the number of states. The vector of
generalized structural dynamic motions is {£(s)}.

In Eq. (1) the gust excitation [Q;(s)] is a Laplace-transformed
aerodynamic force coefficient matrix. The gust terms as functions of
reduced frequency usually have a complex frequency-dependent
spiral nature [4,5]. For linear-time-invariant (LTI) state-space
aeroservoelastic formulations, such frequency-dependent functions
must be approximated by rational transfer functions in the Laplace
variable. It is unlikely to get an adequate approximation of a general
gust column in a form of ratios of polynomials in s. However, the
source of spiral behavior of gust force terms as functions of reduced
frequency had been identified as determined by the reference point
used for the sinusoidal waves representing the gust field [4].

To overcome this problem (and following [4,5], the aerodynamic
model for gust force generation is divided into n; zones as will be
explained later, with a separate gust speed input for each zone. Then
the dimension of the Laplace-transformed aerodynamic force
coefficient matrix [Q(s)] is n X ng. In addition, {wg(s)},, is the
vector of vertical gust velocity inputs to the different zones and V is
the free stream velocity.

Using the MIST method the [Q] matrix is approximated in the form
of a rational function:

[Q(jk)]nxn ~ [AO]nxn + jk[Al]nxn + (jk)z[AZ]nxn
+ jk[l)]nxnmg (]k[l] - [R]);].Al‘gxnmg [E]nmgxn (2)

Here ny,, is the number of aerodynamic lag terms and k is a reduced
frequency defined as

wb b
k=— ik = — s 3
v = k=5 3
where b is a reference semichord length and w is a frequency of
oscillation. [R], a diagonal matrix corresponding to the generalized
aerodynamic force, contains the aerodynamic (positive) lag roots,
which are selected by the user

vw 0 ... 0
0O » ... 0

R, ==| 0L @
0 0 ... Y,

A MIST approximation can be generated for the combined [Q]| Q]
matrices as follows:

{[Q(jk)]nxn [QG(jk)]nan } ~ {[AO]nxn [AG“]nan }
+ .]k{ [Al]nxn [AG|]n><nG } + (]k)Z{ [AZ]an [O]nxnc }
+ jk[D]nxnmz (]k[]] - [R]);]:gxnhg{ [E]nlagxn [EG]nlagan } (5)

where ng; is the number of gust input columns. However, because in
the MIST approximation the [D], [E] matrices are determined
simultaneously and affect one another, the presence of [E] columns
can affect the [D] matrix, and, thus, the quality of approximation of
the [Q] matrix.
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In the formulation proposed here the MIST approximation of gust
columns will be done separately from the generalized aerodynamic
force coefficient matrix [Q] corresponding to structural modes of
motion. Despite the fact that this might increase the number of states
in the state-space model, the approximation for [Q] (generalized
aerodynamic forces due to motion in structural modes) is now
independent of the gust generalized forces, therefore allowing more
flexibility for capturing the behavior of the matrix [Q] more
accurately, separately from the influence of the high-frequency spiral
behavior of the gust aerodynamic matrix.

Dividing the gust aerodynamic force into zones increases the
number of aerodynamic states. But one can reduce this number if it is
observed that gust force vector terms of certain zones can be grouped
together and approximated together with good accuracy. The gust
force vectors are sorted into two divisions. The first division includes
m gust vectors (from 1 to m) whose spiral behaviors are similar and
who can be combined into one zone that will yield satisfactory MIST
approximation for that combined zone. The rest of the gust vectors
(from m + 1 up to ng), when the frequency-dependent behavior
of gust vectors in different zones are highly dissimilar, are
approximated separately, and this gives more flexibility to the user
and more precision to the final approximation (see Appendix A).

The gust force contribution can then be rewritten in the following
manner:

4o106())n, { wGV(“‘)} = Z{QG( 1,

- l~1n
= qD[QIG(S)]nxm{ (S)} + qdp Z IQG( )}n wG(S) (6)
where
{wg™ ()}
wg™(s)
{wG (S)}n(; = . (7)
Wi ()

{wE™(s)} is the gust vector related to the first division gust forces,
whose aerodynamic matrix [QF (s)] is column partitioned

[OL () m = [ (0L}, {0Q%}, (o] @)

and approximated using the MIST double least-squares iterative
method
[Qé]nxm [AGO]nxm + .]k[A ]nxm + ]k[DG]

n><n

V _ -
< (win-3RE) el ©)

Glag " Glag

The rest of the gust columns are approximated each separately,
using MIST/Roger [3] methods (in this case the MIST problem
becomes identical to the Roger problem, and therefore, the
approximation is solved without iterations through a single least-
squares step) adding additional nG defined by user for each i =
m—+1,

{QlG}n ~ {AiGo}n + .]k{A[G] }n + Jk[ ]nxn' (.]k[l] [RIG]);'GIl xnt

Glag

X{E }n’ ,,

i=m+1,...n5 (10)

In Egs. (9) and (10) [R ] and [RL],
i=m+1,...,n6

[similar to the lag matrix [R], Eq. (4)] are the diagonal lag-terms
matrices corresponding to the aerodynamic forces due to gust
excitation with the user selected positive lag roots

e, 0 0
0 yL ... 0
REl: i =- - (11)
g Mg e e
0 0 76 ;
Glag
Y6, 0 0
0 ygz 0
[RlG]n ><n =
Glag " Glag
0 0 Y6,
"Glag

i=m+1,...n5 (12)
where ném and ng; ,
i=m+1,...ng5

are the numbers of gust acrodynamic lag terms related to the first and
the second divisions of the gust forces, respectively.

Substituting Egs. (2—4) together with Egs. (9-12) into Eq. (1) one
obtains a new approximate system of equations in the Laplace
domain:

_ — — —1
{211 +-510)+ 181 = ol (10 - 1) 181

= ao{ )+ 5 )+ 0% (10 —  6E)) 1))

X {le~‘r/ﬂ(s)} +4p i [{Abg} + sé{A"Gl}

i=m+1

gl (s - el ) et 13

Introducing vectors of aerodynamic states (Laplace-transformed)
as follows:

[Elyyxn15(9) s (14)

Nlag XNag

R ()

and similar, the lag states related to gust

_ -1 1~»1
o], =s(me-w0) e L

“lag Glag " Glag

as)

—1 J
{XiGlug (s)>n’ - S([I]S B % [RZG]) i : {Eg}nglag wGV(S)

n.  xnl,
Glag " Glag

i=m+1,...ng (16)
Equation (13) is finally transformed into
(200) + S[C] + [RDEE(S)} — 4olDxn ()}
= ao (1) + s plaa) {22} + auipiafeiro)

\4
tap Y DG, ) an
i=m+1
Here
_ 2 -
W =n-ao(3) 01 1@=10-a Al

[K] = [K] — gp[Ao]
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and the matrices [Ag, ], [A¢,] are column partitioned as follows:
gk |

e, |

T T

) 19)
[AGI]anG = [[AIGl]nx111 {Agfl}n

B. Gust Input Linking

The formulation for aerodynamic gust columns generation is
similar to the one in [6]. The discrete gust profile of the vertical
velocity wii(z) is defined at a reference point x = x,; and it is
moving towards the vehicle with the axial velocity V (see Fig. 1). As
was discussed previously, the gust input is divided into n; zones (i.e.,
sets of aerodynamic panels), each zone with its own reference point.
The gust on the ith zone wi; () is delayed with respect to the gust
measured at the reference point wif(¢)

wh (1) = wE(t — T)), i=1,...ng (20)

where 7; is the time that it takes for the gust to reach the reference
point of the ith zone x; after passing the reference point x,.;
X;— X, L,

P R | 21
== @1)

Laplace transformation of Eq. (20) leads to
wk(s) = wit(s)e T (22)

To create a LTI state-space model of the gust-excited aeroelastic
system the exponential function in Eq. (22) has to be approximated
by arational function in s. This means added states, and the number
depends on the order of the polynomial approximation of e~7i,

Comparing the coefficients of this exponent expanded into Taylor
series to the coefficients of the polynomial ratio (see Appendix B),
one can find approximations of different orders. Figure 2 shows the
behavior of the third order

(T:s)? — 8T;s + 20
(T;5)> + 9(T;5)* + 36T;s + 60

e Tis 3

(23a)

and the fourth order
(T:s)> — 15(T;5)> + 90T ;s — 210

=Tis ~ _
¢ (T:5)* + 16(T:s)° + 120(T;s5)? + 48075 + 840
(23b)
approximations. A commonly used approximation
T_ —n,
T~ (1 + IS) (24)
ne

of the fourth order is also presented. One can see that the accuracy of
this approximation is low compared with the rest. Substituting
s = jo together with Eqgs. (3) and (21) the following relation
(connecting wT in Fig. 2 to the reduced frequency k) is obtained:
L.
T, =—k 25

ol =~ (25)
Based on Fig. 2, one can find that in order to accurately approximate
the gust aerodynamic force coefficient matrix in the problems where
the gust zones are used, the maximum reduced frequency has to
satisfy

kmax <3-—

L max (26a)

for the third order, and
b

kmax <35 (26b)

L

max

for the fourth order rational approximations of e~7#*. [Typically, the
third order approximation in Eq. (23a) is good enough for the gust
problems. ]

/]

>

Xref

Y

Fig. 1 Traveling discrete gust profile excitation (from [5]).
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—- Eq.(23a)
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> 0.2r

Imaginar
o

-0.21

-0.6f
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Fig. 2 Various approximations of the gust lag term due to division of
the gust force into zones.

The state-space models corresponding to the rational transfer

functions Eqgs. (23) and (24) could be presented as follows:
(i} = [ALxl} + {BLwE', wg = [C.l{xe} 27

Here the superscript i indicates that the values of the matrices are the
function of the parameter 7. In Eq. (27)

i — 01 xn,—1 i
Wl = [ A, | s
[Colisn, = [Orn1 —1] (28b)

where n, is the order of the denominator. Then for the third order
approximation n, = 3 in Eq. (23a) one obtains

. 3
{A;}:—?[ZOT;Z 1t 31" (29a)

i

{BQ}:—%[ZOT{Z 877! 1]” (29b)

i

Defining the following functions

[Z7xs _Oa,xb B S
2Ny = | et T e 2 Qe | 50
O Oy 2],
and
(7,
{2 = {Z} (30b)
(z',
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where

J
a™ =Y "a 31
I=i

One can write the system in Eq. (27) as follows:

{XQN]}(_j—i+l)-n(xl = [A;Nj](j—i-#I)<n‘,><(j—i+l)<n,, {xtewj}(j—i-f—l)wexl

+{BS Y ity WE (32a)
and
{we Y mitynxt = [C N Gmirtyxmityn, e Y it tynx1 (32b)

Transformation of the gust lag terms in Eq. (15) from the
frequency into the time domain gives

I~m
w V.
G 1~ 1 I~m
[EI], ={x m} ——[R]i i {x }
G G0 <™ v " Grag anhw b Gnclﬂgxnclag Gug |1

Glag

(33)

Using the gust vector in Eq. (32b) {wg™},,.,, <1, Which is related to
the first division of the gust force, and substituting it into Eq. (33) one
obtains the equation connecting between the gust lag terms with the
additional states due to division of the gust into zones

1 .
V[EIG],,QI Xm[Cel’Nm]mxm-ng{x:‘ }m<nexl

v
= {esm RELe o (567} 34
Defining the operator
I=1~m (35)

and substituting it together with Eq. (32a), the equation above
[Eq. (34)] becomes

\%4
AR ATy i I
{xGlag}n’Gmg pRabi i, {xGlag >,,i

Glag

[E ],,’ Grag Xm[C ]mxm Ny ([A ]mn Xm-n, {X }mn x1

+ {B }mn ><l‘wmf (36)

Similarly, transforming Eq. (16) into the time domain

wm+1~nG
[Em+l~nc] . G _ )-Cm+l~n(;
G n/:+ "6 xng—m \% - Glag WG
“lag ng—m (h}>
Vv
m+1~ng m+l~ng
R M PR <xGm et (37)
g Glag

and substituting Eq. (32) into Eq. (37) leads to the equation that
connects the gust lag terms related to the second division of the gust
force with the additional states (due to division of the gust into zones)

1 11
{ka,g }n’G’l [RG ]n” Gag xngl {'XGIug }n”

Glag

1
+ v [Eg]ng]ag XVlG*m[Cél]VlG*mX(VlG*m)'nF

S ([Aél](ngfm)-n?x(rzc;fm)-ne {xil}(ncfm)-ngxl + {Bél}(ncfm)-ngxl wgf)
(38)

Here, similar to Eq. (35) the operator /1 is defined
HH=m+1~ng (39)

The major difference between Egs. (36-38) is in the system’s
dimension. For the gusts belonging to the division /, the number of
equation is only "c o whereas for the division / gust columns the
dimension is the sum of the all numbers of the lag terms from m + 1
up to ng

nG

i  mtl~ng __ i
nGlug _nGmg - z : nGlclg (40)

i=m+1

[see Eq. (31)].

C. White Noise Input and Gust Filters

When the response to random gusts is calculated using LTI state-
space models, a gust filter is added to the state-space aeroelastic
model to produce the gustinput wi' due to a white noise input w. The
filter is designed to produce a gust input with the desired power
spectral density. In the case of the Dryden gust the transfer function is

W) _  VAlgs + V1T an

w(s) % s+ (/)P

Here 0, is a root mean square value (rms) of the gust field vertical
velocity. In addition

I
= VG (42)

where [; is the scale of turbulence. Because state-space
aeroservoelastic models are valid only up to some upper bound on
frequencies and to avoid white noise acceleration response of the
state-space model due to direct white noise excitation, the low pass
filter is added to the gust filter. The transfer function now is modified
to be

a ref(s)

Ha(s) = s+a w(s)

(43)

The state-space model of this transfer function is now obtained:
(X6} = [Aclxg} + {Bs}w, wg' =[Celixg}t  (44)

where

00 —a(1/7%)
Aghxs=|1 0 —(1/t5)2a+ (1/15)] |,
0 1  —a+2(1/t)]

V17
V1T

0

(45)

{Bg}; = aoy,,

D. The Complete State-Space Model
Definition of the new complete state vector in the time domain

W =87 {87 g 6,7 &) x)" {xe)")
(46)

finally yields the linear-time-invariant (LTI) state-space open-loop
aeroelastic equations of motion

{x} =[L}x} + {Bjw 47

where
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(L]
[ Onxnf,/ 0n><nglﬂ 0)1><nc-n( 0n><3 ]
Glag g
(L] [L})] (L] (L.]  [Lg]
nlagxnéha onmgxnglug 0ﬂlug><”<;‘"c 0”L\g><3
= On’i X2n+ny, %[Rg] 0,,’1 xnll [Lez] [LGZ]
Clag teg Glag ™ Clag
_ Vipll
On’G’mZ X2n+nag OnIG’la« ><n’Glﬂg b [RG] [Leg] [LG3]
1
Onl,une X2n+nyyy nG'n"xn{;m 0"5'"”><n161]ug [AK"G] [LG4]
03><2n+'l]m_r 03><ni 03><n” 03><n(;~nc [A(,]
L © Glag Glag i
(48)
and
02n+n +nl 4nll 4ngn,
{B} = 1ag Gy TGy TG e (49)
{BG}3

In Eq. (48)[L,]is the part of the system’s matrix that is not influenced
by gust states.

[Ls]ZnJrnlag X2n+nyag

Onxn [I]nxn 0n><n|ag
= _([M]_] [K])nxn _([M]_I [C])nxn qD[M];in[D]nxnmg
Onlagxn [E]n]ugxn %[R]nlagxnlag

(50)

The rest of the matrices in Eq. (48) are due to the gust excitation and
defined as follows:

[LL] = qp[M]'[DL] (51a)

[Lf)’]nxngmgZQDW]‘I[[D?“] [DG*?) [DF1]  (51b)

e hengn, = 220 (1A CE ™)+ A Nt Al

(52a)

[L(,Z]némgx,lcm:é[([Eé][cé][Aé])néhgxm.m P
(52b)

(b angn, = | Ot o (EENCETAL Dy v,
(52¢)
[Loyhs = 45 W Ag ICEHBE"HCo) (530
Lol o=y ELICHBAICG] (530
by = 3 EAICHBLYC) (530)
[L6.Jugnxs = (B HCo] (53d)

The matrices [AiN"G],,G‘,,yX,,Gm and [C;N"G],,G wngn, are created using
the function in Eq. (30a), and

(B} = (B 1

is generated through the function in Eq. (30b).

Based on Eq. (47) for the open-loop case, the covariance matrix of
the state vector {x} for the case of stationary white noise excitation
can be found by solving an algebraic Lyapunov equation [7]:

[L]IX] + [XIL]" = —{B}B}' (54)

E. Sensitivity Analysis

Sensitivity analysis of the aeroelastic LTI system matrix with
respect to some design variable DV involves the differentiation of the
MIST approximation [Egs. (2), (9), and (10)]. The MIST
approximation generation process is nonlinear and involves an
iterative process. The problem of obtaining derivatives of the MIST
approximants in the case where aerodynamic forces change due to
shape variation of a configuration was addressed in a previous work
[3]. By conducting an investigation based on singular value
decomposition of Roger approximants, the authors of [3] obtain the
connection between Roger and MIST approximations, showing that
approximate sensitivities of MIST rational approximations can be
calculated without a nonlinear iterative process as follows by holding
the [D] matrix frozen:

0GR _[040] [T, . o o
[ aDV ] ~ [8DV] +]k[8DV] + (Jk)z[abv}

+ U~ /1) 35 65)

The derivative of the static aerodynamic stiffness matrix is
calculated using the steady state aerodynamic matrix [Q]:

0A, ] [0Q(k=0)

aDV| | oDV
Thus Eq. (55) is now a linear equation for [0A,/dDV], [0A,/dDV],
and [0E/JdDV], and it is solved by a single least-squares step without
iterations. With MIST approximant and its sensitivities available at
some reference design point (REF), approximations of the MIST

matrices away from that reference point can be obtained using direct
or reciprocal Taylor series. In the case of direct approximation

[Ai] ~ [AJrer + Z[BEZ;\!/]

(DVJ - DVjREF)’
REF

(i=0,1,2)

(56)

(DV; - DV,.) (57)

JREF
REF

181~ Ehsr + 3 50|

[D] ~ [Dlrgr (58)

Equations (55-58) apply to the generalized aerodynamic terms
due to motion in the structural modes used. For the gust terms the
relations are similar. However, it is preferable in the gust MIST case
to keep the matrix [E] as a constant and allow [D] to vary, because the

dimension of [E], (n’Gqu x m), in the majority of cases is lower than
the dimension of the matrix [D5] ;. In this way the precision of

an(;]a
the derivatives of the MIST approxirriation will be higher, because
more terms in the sensitivity-based approximation are allowed to

change

005 [0AG,] | . [9AG,
[BDV ~apv]| T ¥ apv

i N T
+jk[§§;] (jk[l]—%[R’Gl) [Eg] (59)

and similarly for the /1 gust inputs division
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A0 ALY . [0AL _[oDL7, . _ : .
~ k : k kI — [RL]DYELY, = L..., 60
{oed ~ (et + e} + i g |G = D 1EEd, i=m o+ 1n (60)
Now sensitivities for the complete system’s model can be found by differentiating Eqs. (48-54) as follows:
[ 0n><n{;mg Ort><rzg]mcr ) Onxnc-ng ) ) On><3 ) ]
[BLS /BDV] [aL{, /BDV] ] [aLg /BDV] dL,, /dDV L, /dDV
VlX)lé;lag nxné’!lag L - L =
nlngnémg O"IagX"'g’lﬂg Onlug Xngne 0”Iug><3
[aL/aDV] = Oni x2n+n Oni xnl. Oni xnt! aLL’z/aDV aLOo/aDV (61)
Glag lag Glag " Glag Glag " Glag L J L - J
0ng[ug X2n+njg Onglag Xnémg On’o’lag X"IGImg _3L63/8DV_ _aLG3/8DV_
l~ng
Onc'nex2n+nuag ng,ngxn{]_m O"G‘"fx’lgmg |:3Ae G /8DV] dLg,/dDV
03><2n+nk,g 03)01{] 03><n’G’l 03)(7!@'”!, 03><3
L “lag a8 -

The values of the vector {B} do not depend on any shape parameter, therefore

0B
{m} = {02"+"Iug+n(i;hg +Vlglﬂg +nG~nﬂ+3} (62)

The derivative of the part of the system’s matrix corresponding to structural motions, followed by Eq. (55) is

0 0 0
[ﬂ] _ | ~[0MI'[KD/3DV] —[0(M]'[C])/aDV]  qp(3[M]"/dDV)[D] 63)
DV 0 [BE/BDV] 0

The derivatives of the matrices [M], [C], and [K] are obtained as follows:

MY _TaM] [ AA K| _[oK] 9A, IC)_[oc]  b[o4, 4
apv |~ |apv | °v2|apv | apv |~ |apv|~ ??|apv | apv |~ |apv| 9°v|apv

The rest of the derivatives are

[ggﬂnxngm — (85[;‘;]\;1 Dg + M1 [%D (65a)
[0 , = M0 ey o i)+ ot [ ] [5] - [ ]] (65b)
[S,ﬁv] =L [22‘3][6?”01 tapon ([gffv] [C e ALe] + [AG,][c;N"G][ag‘II;NV"GD (662)
[e%\zf]nf 2%[[E21[C£][§3!’v} Lra— ] (66b)

Gg <G
[gzL);]n,, o :%[On’c’.ﬂgxmm [Eé’][ci’][gﬁié“ (66¢)
o] = o ([ Jicrmorey + magietaf 22 2 e (672
[?,LDV] x3=$[Eé][cz]{§,f§V}[cc] )

Nlag

[g’L)GV} =ptemenfiietic 70

aL aBle
[BDG\;] :{ IDV }[CG] (67d)
ngnex3
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In Egs. (66) and (67) the derivatives of the of the vectors {0B./0DV},
{dB1/dDV}, {9BY"5/dDV} and the matrices [0Al/dDV],
[0AL /dDV], [0AL™"S /dDV] are the functions [Egs. (27) and (28)]
of {0B./dDV} and [0AL/dDV] where

DA .
[aDv}nﬁxnﬂ - [0"“"”1 {;g;}m] (68)

The vectors {0A./dDV} and {9B./dDV} are found by
differentiating Eq. (29)

dA! 9 T,

{<‘3DV}=ﬁaDV[2OT72 877t 1] )
9B 3 9T,
{aDV}=ﬁ—8DV[60T;2 ter;t 1]" (70)

It is important to note that in the sensitivity equations for the gust
terms changes are accounted for not only due to the change in size
and locations of aerodynamic panels (and the resulting change in
aerodynamic influence coefficients) but also changes in the relative
locations of gust input reference points corresponding to different
gust input zones.

Sensitivity of the state covariance matrix with respect to shape
design variables is obtained by differentiation of Eq. (54):

X X T aL oL 7"

[L][GDV} + [BDV} L) = [BDV} X1 [X][apv} b
This sensitivity equation is another Lyapunov equation with similar
system matrices on the left hand side, and with a new right hand side
for every design variable. Because the original Lyapunov equation
for state covariance has been already solved during the analysis step,
matrices are already decomposed and solutions of the equation for
additional right hand sides are obtained quickly.

Whether gust responses (deformations and stresses) to time
dependent gust excitation or random gust excitation are required,
sensitivity of those responses with respect to configuration shape
DVs can be obtained once the derivatives of the system’s matrices are
obtained based on the method outlined above.

III. Variable Shape Wing-Tail Test Case

The wing/horizontal tail (wing-tail) configuration shown in Fig. 3
is used to evaluate the sensitivities and approximations presented
here. The half-span length of the wing and horizontal tail are ¥,, =
18 mand Y, = 7 m, respectively. Their root-chord lengths are b,,, =
2b =9 mand b, =4 m, and their root’s leading edge locations are
24 and 46 m, respectively, measured from the nose. The wing’s tip
chord length is by, = 3 m and the tail’s tip chord is b, = 2 m.

The fuselage is modeled only for structural analysis as a group of
connected beam elements with the total length of 50 m. The sweep
angle of the wings is A (which is a shape design variable DV), and it
varies from O to 30 deg. The wings and the horizontal tail are
assumed to have a thickness of #=0.08 m and their structural
material characteristics are the following: E =73.8 GPa,
G = 24.4 GPa, and p = 2540 kg/m’.

The structural finite element results for the configuration for the
different values of the sweep angle A were calculated using MSC
NASTRAN [8]. The first 18 modes (including the pitch rigid body
mode) are taken for the aeroelastic analysis using Mach =0
aerodynamics produced by the ZAERO code [9]. The generalized
aerodynamic force coefficient matrix corresponding to structural
mode shapes is approximated using nj,, = 10 lag terms. The
configuration is divided into three different gust zones n; = 3. The
reference point for the whole configuration (where the gust wave
starts) is kept at the nose x,.; = 0, thus the distances of the other gust
reference points are L, = 46 mand L; = 24 m[see Eq. (21)]. L, isa
function of the sweep angle

L, =27 41y, tan(A) (72)

and therefore varies with the shape changes of the configuration.

The first gust input zone (as shown in Fig. 3) includes the panels on
the outer half of the wing and it is approximated together with the
gust aerodynamics of the horizontal tail (the second gust zone) using
"IG,,, = 8 lag terms. The inner half of the wing, which belongs to the
third gust zone, is approximated separately with ng =ng, =8lag
terms as well. Such an arrangement is selected based on the behavior
of the gust aerodynamic force coefficient matrix. As shown in
Figs. 4a and 4b the behavior of the aerodynamic terms of the first
[Q’GM (k) = Qg4 (k); see Egs. (8) and (9)] and the second
[Q’G42 (k) = QZG4 (k)] gust zones (as functions of reduced frequency)
is similar, whereas the third gust zone [Qf (k) = Qf, (k)—see
Eq. (10)] is characterized by spiral behavior [Fig. 4c]. The division
into zones, as was mentioned before, solves the problem of the highly
spiraled behavior of the gust aerodynamics (as for the outer wing
zone and the horizontal tail). To eliminate the remaining spiral
behavior in the third zone one needs to introduce additional gust
zones within the inner half of the wing. However, as shown in Fig. 4c,
this is unnecessary in the present case because its aerodynamic
matrix is well approximated using a separate MIST approximant that
manages, using 8 dedicated lag terms, to capture the behavior.

Although methods for the unsteady aerodynamic analytic
sensitivity evaluation for variable shape configurations have been
developed [10], no such general capability yet exists. The planform
shape design sensitivities of the unsteady aerodynamic forces
[0(jk)] and [Qg(jk)] are calculated here using finite differences
applied on the results of the ZAERO code.

The reference sweep angle is chosen Aggr = 15 deg with 1%
perturbation dA =0.15 deg for finite differences. Shape
sensitivities of the minimum-state approximation are calculated
analytically, using the method in Eqgs. (55-60), and Taylor series
approximations of the aerodynamic matrices are constructed [using
Egs. (56-58)]. The sensitivities of the state-space model then can be
obtained analytically through Eqgs. (61-70).

The example of the covariance of generalized state vector term
related to the third structural mode is presented in Fig. 5. The dots are
“exact” results obtained [solving the Lyapunov equation (54)] by
repeated full analyses using NASTRAN, ZAERO, MIST codes and
state-space stability analyses for each geometric shape (every 5 deg
from 0 to 30 deg). Approximate results using the sensitivities of the
system’s matrices are obtained by solving Eq. (54) with new state-
space matrices [L] [Eq. (47)] approximated as follows:

aL

1=l + 55| (4= duer) 3

The [B] matrix does not depend on the sweep angle and then remains
constant. The difference between the solid and the dashed lines is in
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Fig. 3 The wing-tail model with 3 gust zones. Planform shape
variations of the wing are shown.
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the method of calculating the sensitivity of the state-space matrix
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Fig. 5 Comparison between the sensitivity methods based on analytical
and numerical derivatives (for V =75 m/ sec).

sensitivities of the coefficients of the matrix

oL
aA AREF

using Eqgs. (§5-70), whereas the dashed line follows the results of the
numerical, finite differences method sensitivities. These results are
obtained by directly calculating the above matrix using finite
differences:

JdL . (L] ager+an = [Llager
[B—A] N e— i

(As mentioned above, the results of the both methods for
[0L/0A],,, then used in Eq. (73) to approximate the new state-
space matrix and then solve the Lyapunov Eq. (54) for each method,
to obtain the covariance matrix [X].)

It is obvious from the figure that the analytical sensitivities give
much better results in wider range of A (the maximum deviation in
the whole range of the sweep angle 0 deg <A < 30 degis 15% at
A =0 deg). The numerical sensitivity can be used only in the small
range of ~8 deg <A < ~22 deg with the same maximal error of
15%.

In addition to the fact that the analytical sensitivities provide good
results, the method is very efficient in terms of calculation time,
compared with the time needed to run the repeated full analyses.
With 344 aerodynamic panels for the wing-tail configuration shown
in Fig. 3, ittakes more than 10 min to a 1.6 GHz Pentium I'V processor
to run the full analysis for a single sweep angle value of the wing. On
the other hand, the sensitivity analysis run (based on the results for
the reference point) takes only a few seconds. Besides the significant
reduction at the CPU time, the user saves the time and effort needed
to generate finite element and aerodynamic models at each point
(other than the reference and the perturbated design points).

Figure 6 shows the flutter speed versus the sweep angle of the
wing. The results of the exact solution of the state-space model
coincide in almost the entire range of A with those of the ZAERO g-
method. This demonstrates the high quality match of the
aerodynamic force coefficients by MIST approximation. The results
based on the sensitivity Eq. (73) follow the behavior of the exact
solution with maximum error of less than 8% at the sweep angle of
5 deg.

Figure 7 presents the change in the damping coefficient at first 3
modes as a function of the sweep angle. The damping ratio is
obtained from the complex poles as



MOR AND LIVNE 1525

120 T T T T T
I O State Space Model (Exact)
+ ZAEROG-method
115 * —— Sensitivity Method I

110

‘e 105
@
2
E
- 100

95

90

85 1 1 1 1 1

1] 5 10 15 20 25 30
A [ded]

Fig. 6 Flutter speed of the wing-tail configuration as a function of the
sweep angle of the wing.
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Fig. 7 Map of the damping coefficient at low frequencies as a function
of the sweep angle and the speed of flight.

=_ _ m® (75)

VReZ(A) + Im?(X)

and it is also a function of the flight velocity. As the sweep angle
varies flutter mechanisms change not only due to structural and
aerodynamic variation of the moving segments but also through
varying levels of wing/tail aerodynamic interference. Above A >
~10 deg system response becomes more dominated by the
frequency close to the natural frequency of the third mode, as shown
in Fig. 7, compared with the effects of the second mode earlier.

Figure 8 shows the response of the system to white noise. The
covariance of a displacement in z direction

o7 = E[[PL{E}([PL{ED] = E[[®L{EHE [O]7]
= [PLE[EHE [ (76)

where [®], is the eigenvector contribution at the z direction
calculated at two test points: the wing tip and the tail tip. The solid
line presents the results obtained by solving Egs. (54) and (76) using
the approximated state matrix [L] [Eq. (73)]. On the other hand the
dashed line is constructed using the solution in Eq. (71) [together
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Fig. 8 Normalized covariance of the a) wings tip and b) tails tip
deflections for various sweep angles and its comparison using exact
analysis and sensitivity methods.
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Fig. 9 Comparison of the exact analysis versus sensitivity methods for
the normalized covariance of the wings tip a) deflection b) velocity as a
function of the speed of flight (A = 0 deg) (The reference point for this
approximation is at sweep angle of 15 deg.)
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with Eq. (76)] in the following first order Taylor series
approximation:

ad
02 = 02| agee + 5 4 (PIEREHETPI) ey (A = Arer)

and therefore has a constant slope. This approximation can follow
with better precision only a monotonic behavior [see Fig. 8b],
however, due to nonmonotonic flutter velocity the covariance of the
motions at the wings tip rises at both 0 and 30 deg sweep angles.

The approximation based on Eqs. (54), (73), and (76) provides a
good match to the exact solution and in most of the range of sweep
angles the error is less than 5%, with an exception of the vicinity of
A =0 deg where the error reaches to 12%. One of the reasons for
this is that the 0 deg sweep angle reflects a 100% change of the
design variable from its initial point. But the main reason is that at
0 deg sweep angle the configuration first reaches instability and thus
damping variation in the critical pole leads to sensitivity of the gust
response rms with respect to shape at that region. The rapid rise of
gust response when variation of design variables leads to low
damping in any mode of motion is well known, and methods of
constructing robust approximations for this case have been described
before [11-13]. As shown in Fig. 9, as long as the speed of flight
remains low, and hence, damping in all poles is not too close to zero
(up to speeds of V =70 ~ 75 m/ sec) one obtains good approxi-
mation match both for the deflection (Fig. 9a) and even for its
derivative (local angle of attack).

IV. Conclusion

Analytical sensitivities with respect to configuration shape design
variables have been derived for state-space models of aero-
servoelastic systems excited by gust inputs. Minimum-state rational
function approximations were used to transform aerodynamic load
expressions from the frequency domain to the time domain, and
sensitivities of such approximations were extended from terms
associated with structural motions to terms associated with the
downwash due to gusts. Sensitivity-based approximations of the
resulting gust response behavior, including Taylor-series based
direct approximations of the rms of the response, or Lyapunov
equation solutions using Taylor-series based approximate system
matrices were studied and compared. It was found that better
approximate solutions for gust response can be obtained if
approximate system matrices, based on Taylor series expansions, are
used with repeated full Lyapunov equation solutions, compared with
Taylor series approximations constructed directly for the gust
response behavior functions of interest. Analytic sensitivities with
respect to shape were shown to be accurate and reliable. Additional
contributions of the work reported here include development of the
most general state-space model with gust excitation where gust
influence is separated from the structural influence in the system.
Additionally, gust inputs are divided into gust zones to be transferred
from the frequency to the time domain partly together and the rest
separately. The analytical sensitivities with respect to shape
variations include sensitivities of the motion of these gust zones
when the shape varies. Good approximation accuracy in the
presented cases was demonstrated even when a shape DV is changed
as much as 100%. Overall, the paper contributes to the development
of design-oriented analysis techniques for multidisciplinary design
optimization of flight vehicles.

Appendix A: Gust Zones and Regions

For clarity, the classical linear aeroelastic equation including gust
excitation formulated in the Laplace domain is

(s’[M] + s[C] + [K] — qp[Q()D{E(s)} = qVD {Qq(s)jwg(s)
(AD)

Here {Q;(s)} is actually a Laplace-transformed aerodynamic force
coefficients vector. The induced angle of attack at some station x is

defined as follows

ref
als) = —wGV(S) e lbmx0V (A2)

where the gust profile wi' is measured at some reference point (see
Fig. 1). However, it makes it hardly realistic to generate good
approximations for the gust vector using the formulation above
[Eq. (A1)] especially in complex cases of the whole aircraft
configuration. For the aircraft, the distance x — x™' becomes large
enough to exhibit a highly spiral shape at high frequencies as
presented in [5]. This spiral curves cannot be correctly approximated
by a rational polynomial expression. Therefore, the gust force is
divided into a few gust zones, each with different reference point.
This complicates the problem by introducing additional states into
the state-space model, however, it prevents generation of the spiral
behavior by keeping each distance x — x,; relatively small. As
mentioned above in this formulation the vector {Q;(s)},x; becomes
an aerodynamic force coefficient matrix [Q(5)],1xx, - This matrix is
then approximated by rational functions. In this work we go step
forward by developing the equations for the more general case where
the matrix [Q (5)],1x, is further divided into two regions. The first
region [Qg(s)],xm [see Eq. (8)], is approximated all together,
whereas the rest of the columns of the gust aerodynamic force
coefficient matrix are approximated each by its own rational
function. These columns usually have different behavior patterns
from the rest of matrix (which is related to the first region), and
therefore approximated separately to better capture the behavior.
The choice of the gust zones, as well, which gust column to relate
to which region, depends on the problem solved. Usually for a whole
aircraft configuration it is wise to divide the wing into one or two
zones. An additional gust zone is created for the tail. In the case of a
very wide wing, or for the high sweep angle wing, the distance
X — X might become large enough to make it hard to obtain an
adequate approximation. In this case extra zones are added. The gust
columns are then plotted in the Re—Im plane for the different k values
and the user might decide on the sequence for the two regions. In
some cases the division into regions is not necessary and the whole
matrix [QG(s)],x,, is approximated by one function. This is a
particular case of the general formulation presented in this article.

Appendix B: The Rational Approximation
of the Delay Transfer Function

The general rational approximated (polynomial ratio) filter of the
order n, for e~Ti* can be presented as follows:

a, 1 (T5)" ' +a, o(Tis)" >+ ...+ a,(T;s) + ay

e Tis
(Ti5)" + b, 1 (Tys)" ™ + ...+ by(T;s) + by

(B
Expanding an exponent into Taylor series Eq. (B1) becomes
(Tis)" + by 1 (Ti5)" " + ...+ by(T;s)
+ bo]{zil EX s+ oo
=
~a, (Tis)" " +a, (Ts) 2+ ...
+ a;(T;s) + ay (B2)

where O[(T;s)*"] is a truncation error of the order 2n,. Finally, the
comparison of the coefficients in the expression above gives the
system of equations, which can be divided into two subsystems
solved separately: the first subsystem

n,—1 _(=1)/ _ P
{ijo otgibu =%, i=0,1,...n,—1 (B3)

provides the solution for by, by,...,b, _;, whereas the rest
coefficients ag, ay, ..., a,,_, are obtained as follows:
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i=01,....n,—1 (B4)

As an example, for the third order filter (n, = 3), Eq. (B3) becomes

bZ_%bl +éb0:1

b2 —3b1 + b0 =3
whose solution is
[by by bo]=[9 36 60] (B6)
and then using Eq. (B4) the rest coefficients are

a0=b0=60, a1=—b0+b1=—24

1 B7)
a, :Ebo—bl +b2:3
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