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Analytic sensitivities with respect to configuration shape design variables are derived for state-space models of

aeroservoelastic systems excited by gust inputs. Minimum-state rational function approximations are used to

transform aerodynamic load expressions from the frequency domain to the time domain, and sensitivities of such

approximations are extended from terms associated with structural motions to terms associated with the downwash

due to gusts. Sensitivity-based approximations of the resulting gust response behavior, includingTaylor-series based

direct approximations of the rms of the response, or Lyapunov equation solutions using Taylor-series based

approximate system matrices are compared. The paper contributes to the development of design-oriented analysis

techniques for multidisciplinary design optimization of flight vehicles.

Nomenclature

�Ae�, �Be�, �Ce� = state-space model matrices of gust
delay rational transfer function [defined
in Eqs. (28) and (29)]

�AG�, �BG�, �CG� = state-space model matrices of gust filter
[defined in Eq. (45)]

�A0�; �A1�; �A2�; . . . = rational approximation matrices
a = low pass filter parameter [Eq. (43)]
fBg = state-space white noise input vector
b = reference semichord length of wing
�C� = damping matrix
�D�, �E� = rational approximation matrices of lag

terms
DV = design variable
E = Young modulus
G = shear modulus
HG = gust-filter transfer function [defined in

Eq. (43)]
�I� = identity matrix
j = pure imaginary number, j�� ���

1
p

�K� = stiffness matrix
k = reduced frequency
L = distance to the reference point of

certain gust zone
�L� = state-space model aeroelastic matrix
lG = scale of turbulence
�M� = mass matrix
m = number of gust vectors approximated

together
n = number of states
ne = order of the gust delay rational

approximation
nG = number of gust zones

nlag = number of lag terms
�Q� = aerodynamic generalized force

coefficient matrix
qD = dynamic pressure
�R� = diagonal matrix of lag roots
s = Laplace variable
T = time takes gust to reach a reference

point of certain gust zone
t = time
V = speed of flight
w = white noise
fwGg = vector of vertical gust velocity inputs
�X� = covariance matrix of the state-space

vector fxg
fxg = state vector [Eq. (46)]
fxeg = state vector related to gust delay

[Eq. (27)]
fxGg = state vector related to gust filter

[Eq. (44)]n
xGlag

o
= vector of aerodynamic states related to

gust [Eqs. (15) and (16)]
fxlagg = vector of aerodynamic states [Eq. (14)]
Yt, Yw = half-span length of tail and wing,

respectively
� = induced angle of attack
� = roots of lag terms
� = sweep angle of wing
� = damping ratio
� = poles
f�g = vector of generalized structural

dynamic motions
� = density
� = covariance
�wG

= gust rms
�G = defined in Eq. (42)
��� = matrix of eigenvectors
! = frequency of oscillation

Subscripts and Superscripts

F = flutter
G = gust
max = maximum value
REF = reference design point
ref = reference point related to gust (the

point where gust is measured)
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t = tail
tr, tt = tail’s root and tip respectively
w = wing
wr, wt = wing’s root and tip, respectively
z = z direction

Functions and Operators

~ = “combine” operator [see Eqs. (30) and
(31)]

�I = defines the division of gust zones
approximated together

I = relates to the �I division of gust zones
[defined in Eq. (35)]. Used to combine
filters of gust delay into one division

II = defines the division of gust zones
approximated separately [defined in
Eq. (39)]

I. Introduction

C ONFIGURATION shape variations, during the design
optimization of flight vehicles, make it necessary to remesh

for and recalculate unsteady aerodynamic forces with every shape
change. Even in the case of linearized aerodynamics, used
successfully for aeroservoelastic analysis of flight vehicles over the
last 30 years, the computational effort required for the repetitive
generation of unsteady aerodynamic influence coefficient matrices
and generalized loads is significant. The problem becomes more
demanding when frequency-domain unsteady aerodynamic force
coefficients are transformed into the time domain using rational
function approximations. When the minimum-state (MIST) rational
function approximation is used [1], leading to reduced order coupled
aeroservoelastic time-domain mathematical models, its generation
process is iterative, lengthy, suffers from a nonuniqueness problem,
and in practical applications it has to be stopped before full
convergence is reached. These issues make the calculation of
sensitivities of time domain unsteady aerodynamic terms with
respect to shape design variables difficult. Such sensitivities are
important, because they can be used to construct approximate
expressions for the unsteady aerodynamic force terms in terms of
shape design variables, and thus, help to accelerate the repetitive
generation of aeroservoelastic models considerably [2]. In a previous
paper [3] a method for calculating shape sensitivities and
approximations of time-domain unsteady aerodynamic forces and
aeroservoelastic models was presented.

Exploratory studies in [3] focused on the stability (flutter)
problem. The goal of the present paper is to extend the techniques
described in [3] to cases where gust aerodynamic columns are
present in the unsteady aerodynamic matrices, and to study shape
sensitivity calculation and approximation techniques in the case of
the gust response problem.

This extension is challenging, because unsteady aerodynamic
gust force elements can have complex dependency on reduced
frequency for simple harmonic motions [4], and because this
complex behavior is difficult to capture by time-domain rational
function approximations such as the Roger and minimum-state
approximations. The problem is especially severe in the case of
configurations with highly swept wing and wing/horizontal tail
combinations. The paper opens with a complete derivation of state-
space equations for general flight vehicle configurations excited by
gust inputs, where gust inputs over separate zones are transformed
from the frequency domain to the time domain separately, and then
linked to a single gust input for the configuration. Analytic
sensitivities of all state-space matrices are then derived, followed by
analytic sensitivities of the state covariance matrix and rms values of
individual responses. Accuracy of the new sensitivity expressions
and alternative behavior approximations based on those sensitivities
is finally evaluated.

II. Time-Domain Aeroelastic Equations
for Gust Response

A. Aeroelastic System Excited by Gust Inputs at Different Gust

Zones

The linear aeroelastic problem (corresponding to structural
degrees of freedom) including gust excitation can be formulated in
the Laplace domain as follows:

�s2�M� � s�C� � �K� � qD�Q�s���f��s�g � qD�QG�s��
�
wG�s�
V

�

(1)

where �Q�s��n�n is the Laplace-transformed generalized aerody-
namic force coefficient matrix, �M�n�n, �C�n�n, �K�n�n are structural
inertial, viscous damping, and stiffness matrices, respectively, qD is
dynamic pressure, and n is the number of states. The vector of
generalized structural dynamic motions is f��s�g.

In Eq. (1) the gust excitation �QG�s�� is a Laplace-transformed
aerodynamic force coefficient matrix. The gust terms as functions of
reduced frequency usually have a complex frequency-dependent
spiral nature [4,5]. For linear-time-invariant (LTI) state-space
aeroservoelastic formulations, such frequency-dependent functions
must be approximated by rational transfer functions in the Laplace
variable. It is unlikely to get an adequate approximation of a general
gust column in a form of ratios of polynomials in s. However, the
source of spiral behavior of gust force terms as functions of reduced
frequency had been identified as determined by the reference point
used for the sinusoidal waves representing the gust field [4].

To overcome this problem (and following [4,5], the aerodynamic
model for gust force generation is divided into nG zones as will be
explained later, with a separate gust speed input for each zone. Then
the dimension of the Laplace-transformed aerodynamic force
coefficient matrix �QG�s�� is n � nG. In addition, fwG�s�gnG is the
vector of vertical gust velocity inputs to the different zones and V is
the free stream velocity.

Using theMISTmethod the �Q�matrix is approximated in the form
of a rational function:

�Q�jk��n�n 	 �A0�n�n � jk�A1�n�n � �jk�2�A2�n�n
� jk�D�n�nlag�jk�I� � �R���1nlag�nlag �E�nlag�n (2)

Here nlag is the number of aerodynamic lag terms and k is a reduced
frequency defined as

k� !b

V
) jk� b

V
s (3)

where b is a reference semichord length and ! is a frequency of
oscillation. �R�, a diagonal matrix corresponding to the generalized
aerodynamic force, contains the aerodynamic (positive) lag roots,
which are selected by the user

�R�nlag�nlag
��

�1 0 . . . 0

0 �2 . . . 0

. . . . . . . . . . . .

0 0 . . . �nlag

2
664

3
775 (4)

AMIST approximation can be generated for the combined �QjQG�
matrices as follows:

f �Q�jk��n�n �QG�jk��n�nG g 	 f �A0�n�n �AG0
�n�nG g

� jkf �A1�n�n �AG1
�n�nG g � �jk�2f �A2�n�n �0�n�nG g

� jk�D�n�nlag�jk�I� � �R���1nlag�nlagf �E�nlag�n �EG�nlag�nG g (5)

where nG is the number of gust input columns. However, because in
the MIST approximation the �D�, �E� matrices are determined
simultaneously and affect one another, the presence of �EG� columns
can affect the �D� matrix, and, thus, the quality of approximation of
the �Q� matrix.
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In the formulation proposed here the MIST approximation of gust
columns will be done separately from the generalized aerodynamic
force coefficient matrix �Q� corresponding to structural modes of
motion. Despite the fact that this might increase the number of states
in the state-space model, the approximation for �Q� (generalized
aerodynamic forces due to motion in structural modes) is now
independent of the gust generalized forces, therefore allowing more
flexibility for capturing the behavior of the matrix �Q� more
accurately, separately from the influence of the high-frequency spiral
behavior of the gust aerodynamic matrix.

Dividing the gust aerodynamic force into zones increases the
number of aerodynamic states. But one can reduce this number if it is
observed that gust force vector terms of certain zones can be grouped
together and approximated together with good accuracy. The gust
force vectors are sorted into two divisions. The first division includes
m gust vectors (from 1 to m) whose spiral behaviors are similar and
who can be combined into one zone that will yield satisfactoryMIST
approximation for that combined zone. The rest of the gust vectors
(from m� 1 up to nG), when the frequency-dependent behavior
of gust vectors in different zones are highly dissimilar, are
approximated separately, and this gives more flexibility to the user
and more precision to the final approximation (see Appendix A).

The gust force contribution can then be rewritten in the following
manner:

qD�QG�s��n�nG
�
wG�s�
V

�
nG

� qD

XnG
i�1

fQi
G�s�gn

wi
G�s�
V

� qD�Q �I
G�s��n�m

�
w1
m

G �s�
V

�
m

� qD

XnG
i�m�1

fQi
G�s�gn

wi
G�s�
V

(6)

where

fwG�s�gnG �

8>>>><
>>>>:

fw1
m
G �s�gm
wm�1

G �s�
. . .

. . .

wnG
G �s�

9>>>>=
>>>>;

(7)

fw1
m
G �s�g is the gust vector related to the first division gust forces,

whose aerodynamic matrix �Q �I
G�s�� is column partitioned

�Q �I
G�s��n�m � fQ1

Ggn fQ2
Ggn . . . fQm

Ggn
� �

(8)

and approximated using the MIST double least-squares iterative
method

�Q �I
G�n�m 	 �A �I

G0
�n�m � jk�A �I

G1
�n�m � jk�D �I

G�n�n �I
Glag

�
�
jk�I� � V

b
�R �I

G�
��1

n
�I
Glag

�n �I
Glag

�E �I
G�n �I

Glag
�m (9)

The rest of the gust columns are approximated each separately,
using MIST/Roger [3] methods (in this case the MIST problem
becomes identical to the Roger problem, and therefore, the
approximation is solved without iterations through a single least-
squares step), adding additional ni

Glag
defined by user for each i�

m� 1; . . . nG

fQi
Ggn 	 fAi

G0
gn � jkfAi

G1
gn � jk�Di

G�n�niGlag

�jk�I� � �Ri
G���1ni

Glag
�ni

Glag

� fEi
GgniGlag ; i�m� 1; . . . nG (10)

In Eqs. (9) and (10) �R �I
G� and �Ri

G�,
i�m� 1; . . . ; nG

[similar to the lag matrix �R�, Eq. (4)] are the diagonal lag-terms
matrices corresponding to the aerodynamic forces due to gust
excitation with the user selected positive lag roots

�R �I
G�n �I

Glag
�n �I

Glag

��

� �I
G1

0 . . . 0

0 � �I
G2

. . . 0

. . . . . . . . . . . .

0 0 . . . � �I
G

n
�I
Glag

2
66664

3
77775 (11)

�Ri
G�niGlag

�ni
Glag

��

�i
G1

0 . . . 0

0 �i
G2

. . . 0

. . . . . . . . . . . .

0 0 . . . �i
G

ni
Glag

2
6666664

3
7777775

i�m� 1; . . . nG (12)

where n �I
Glag

and ni
Glag

,

i�m� 1; . . . nG

are the numbers of gust aerodynamic lag terms related to the first and
the second divisions of the gust forces, respectively.

Substituting Eqs. (2–4) together with Eqs. (9–12) into Eq. (1) one
obtains a new approximate system of equations in the Laplace
domain:�

s2� �M� � s� �C� � � �K� � qD�D�s
�
�I�s � V

b
�R�

��1
�E�

�
f��s�g

� qD

�
�A �I

G0
� � s

b

V
�A �I

G1
� � �D �I

G�s
�
�I�s � V

b
�R �I

G�
��1

�E �I
G�
�

�
�
w1
m

G �s�
V

�
� qD

XnG
i�m�1

�n
Ai
G0

o
� s

b

V

n
Ai
G1

o

� �Di
G�s

�
�I�s � V

b
�Ri

G�
��1

fEi
Gg
	
wi

G�s�
V

(13)

Introducing vectors of aerodynamic states (Laplace-transformed)
as follows:

fxlag�s�gnlag � s

�
�I�s � V

b
�R�

��1

nlag�nlag
�E�nlag�nf��s�gn (14)

and similar, the lag states related to gust

n
x1
m
Glag

�s�
o
n
�I
Glag

� s

�
�I�s � V

b
�R �I

G�
��1

n
�I
Glag

�n �I
Glag

�E �I
G�n �I

Glag
�m

�
w1
m

G �s�
V

�
m

(15)

n
xiGlag

�s�
o
ni
Glag

� s

�
�I�s � V

b
�Ri

G�
��1

ni
Glag

�ni
Glag

fEi
GgniGlag

wi
G�s�
V

i�m� 1; . . . nG (16)

Equation (13) is finally transformed into

�s2� �M� � s� �C� � � �K��f��s�g � qD�D�fxlag�s�g

� qD

�
�AG0

� � s
b

V
�AG1

�
��

wG�s�
V

�
� qD�D �I

G�
n
x1
m
Glag

�s�
o

� qD

XnG
i�m�1

�Di
G�
n
xiGlag

�s�
o

(17)

Here

� �M� � �M� � qD

�
b

V

�
2

�A2�; � �C� � �C� � qD

b

V
�A1�

� �K� � �K� � qD�A0�
(18)
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and the matrices �AG0
�, �AG1

� are column partitioned as follows:

�AG0
�n�nG � �A �I

G0
�n�m fAm�1

G0
gn . . . fAnG

G0
gn

h i

�AG1
�n�nG � �A �I

G1
�n�m fAm�1

G1
gn . . . fAnG

G1
gn

h i (19)

B. Gust Input Linking

The formulation for aerodynamic gust columns generation is
similar to the one in [6]. The discrete gust profile of the vertical
velocity wref

G �t� is defined at a reference point x� xref and it is
moving towards the vehicle with the axial velocity V (see Fig. 1). As
was discussed previously, the gust input is divided intonG zones (i.e.,
sets of aerodynamic panels), each zone with its own reference point.
The gust on the ith zone wi

G�t� is delayed with respect to the gust
measured at the reference point wref

G �t�
wi

G�t� � wref
G �t � Ti�; i� 1; . . . nG (20)

where Ti is the time that it takes for the gust to reach the reference
point of the ith zone xi after passing the reference point xref

Ti �
xi � xref

V
� Li

V
(21)

Laplace transformation of Eq. (20) leads to

wi
G�s� �wref

G �s�e�Tis (22)

To create a LTI state-space model of the gust-excited aeroelastic
system the exponential function in Eq. (22) has to be approximated
by a rational function in s. This means added states, and the number
depends on the order of the polynomial approximation of e�Tis.

Comparing the coefficients of this exponent expanded into Taylor
series to the coefficients of the polynomial ratio (see Appendix B),
one can find approximations of different orders. Figure 2 shows the
behavior of the third order

e�Tis 	 3
�Tis�2 � 8Tis� 20

�Tis�3 � 9�Tis�2 � 36Tis� 60
(23a)

and the fourth order

e�Tis 	�4 �Tis�3 � 15�Tis�2 � 90Tis � 210

�Tis�4 � 16�Tis�3 � 120�Tis�2 � 480Tis� 840

(23b)

approximations. A commonly used approximation

e�Tis 	
�
1� Tis

ne

��ne
(24)

of the fourth order is also presented. One can see that the accuracy of
this approximation is low compared with the rest. Substituting
s� j! together with Eqs. (3) and (21) the following relation
(connecting !T in Fig. 2 to the reduced frequency k) is obtained:

!Ti �
Li

b
k (25)

Based on Fig. 2, one can find that in order to accurately approximate
the gust aerodynamic force coefficient matrix in the problems where
the gust zones are used, the maximum reduced frequency has to
satisfy

kmax < 3
b

Lmax

(26a)

for the third order, and

kmax < 5
b

Lmax

(26b)

for the fourth order rational approximations of e�Tis. [Typically, the
third order approximation in Eq. (23a) is good enough for the gust
problems.]

The state-space models corresponding to the rational transfer
functions Eqs. (23) and (24) could be presented as follows:

f _xieg � �Ai
e�fxieg � fBi

egwref
G ; wi

G � �Ce�fxieg (27)

Here the superscript i indicates that the values of the matrices are the
function of the parameter Ti. In Eq. (27)

�Ai
e�ne�ne �

01�ne�1
�I�ne�1�ne�1

f �Ai
egne

� 	
(28a)

�Ce�1�ne � 01�ne�1 �1� �
(28b)

where ne is the order of the denominator. Then for the third order
approximation ne � 3 in Eq. (23a) one obtains

f �Ai
eg � � 3

Ti

20T�2
i 12T�1

i 3
� �

T (29a)

fBi
eg � � 3

Ti

20T�2
i �8T�1

i 1
� �

T (29b)

Defining the following functions

�Zi
j�ai
j��j�i�1��b �
�Zi�ai�b 0ai�b

���
��� 0ai�b

0ai�1�b �Zi�1�ai�1�b
���
��� 0ai�1�b���

���
���
���

���
���

���
���

0aj�b 0aj�b
���
��� �Zj�aj�b

2
664

3
775 (30a)

and

fZi
jgai
j �

8>>><
>>>:

fZigaifZigai�1

. . .

fZigaj

9>>>=
>>>;

(30b)

( )ref
Gw t

V

refx

x

Fig. 1 Traveling discrete gust profile excitation (from [5]).

-1 -0.5 0 0.5 1
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-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

ωωT = 0

1

3
3

5

5

5

Real

Im
ag

in
ar

y

e-jωωT

Eq. (23b)
Eq. (23a)
(1+jωωT/4)-4

Fig. 2 Various approximations of the gust lag term due to division of

the gust force into zones.

MOR AND LIVNE 1519



where

ai
j �
Xj

l�i

al (31)

One can write the system in Eq. (27) as follows:

f _xi
j
e g�j�i�1��ne�1 � �Ai
j

e ��j�i�1��ne��j�i�1��nefxi
j
e g�j�i�1��ne�1

� fBi
j
e g�j�i�1��ne�1w

ref
G (32a)

and

fwi
j
G g�j�i�1��ne�1 � �Ci
j

e ��j�i�1���j�i�1��nefxi
j
e g�j�i�1��ne�1 (32b)

Transformation of the gust lag terms in Eq. (15) from the
frequency into the time domain gives

�E �I
G�n �I

Glag
�m

�
_w1
m
G

V

�
m

�
n
_x1
m
Glag

o
n
�I
Glag

� V

b
�R �I

G�n �I
Glag

�n �I
Glag

n
x1
m
Glag

o
n
�I
Glag

(33)

Using the gust vector in Eq. (32b) fw1
m
G gm�ne�1, which is related to

the first division of the gust force, and substituting it into Eq. (33) one
obtains the equation connecting between the gust lag terms with the
additional states due to division of the gust into zones

1

V
�E �I

G�n �I
Glag

�m�C1
m
e �m�m�nef _x1
m

e gm�ne�1

�
n
_x1
m
Glag

o
n
�I
Glag

� V

b
�R �I

G�n �I
Glag

�n �I
Glag

n
x1
m
Glag

o
n
�I
Glag

(34)

Defining the operator

I � 1
m (35)

and substituting it together with Eq. (32a), the equation above
[Eq. (34)] becomes

f _xIGlag
gn �I

Glag

� V

b
�R �I

G�n �I
Glag

�n �I
Glag

n
xIGlag

o
n
�I
Glag

� 1

V
�E �I

G�n �I
Glag

�m�CI
e�m�m�ne ��AI

e�m�ne�m�nefxIegm�ne�1

� fBI
egm�ne�1w

ref
G � (36)

Similarly, transforming Eq. (16) into the time domain

�Em�1
nG
G �

n
m�1
nG
Glag

�nG�m

�
_wm�1
nG
G

V

�
nG�m

�
n
_xm�1
nG
Glag

o
n
m�1
nG
Glag

� V

b
�Rm�1
nG

G �
n
m�1
nG
Glag

�nm�1
nG
Glag

n
xm�1
nG
Glag

o
n
m�1
nG
Glag

(37)

and substituting Eq. (32) into Eq. (37) leads to the equation that
connects the gust lag terms related to the second division of the gust
force with the additional states (due to division of the gust into zones)

f _xIIGlag
gnII

Glag

� V

b
�RII

G �nIIGlag
�nII

Glag

n
xIIGlag

o
nII
Glag

� 1

V
�EII

G �nIIGlag
�nG�m�CII

e �nG�m��nG�m��ne

�


�AII

e ��nG�m��ne��nG�m��nefxIIe g�nG�m��ne�1 � fBII
e g�nG�m��ne�1w

ref
G

�
(38)

Here, similar to Eq. (35) the operator II is defined

II � m� 1
 nG (39)

The major difference between Eqs. (36–38) is in the system’s
dimension. For the gusts belonging to the division I, the number of
equation is only n �I

Glag
, whereas for the division II gust columns the

dimension is the sum of the all numbers of the lag terms fromm� 1
up to nG

nII
Glag

� nm�1
nG
Glag

�
XnG

i�m�1

ni
Glag

(40)

[see Eq. (31)].

C. White Noise Input and Gust Filters

When the response to random gusts is calculated using LTI state-
space models, a gust filter is added to the state-space aeroelastic
model to produce the gust inputwref

G due to awhite noise inputw. The
filter is designed to produce a gust input with the desired power
spectral density. In the case of theDryden gust the transfer function is

wref
G �s�
w�s� � �wG

�����������
3=�G

p
s�

�����������
1=�3G

p
�s� �1=�G��2

(41)

Here �wG
is a root mean square value (rms) of the gust field vertical

velocity. In addition

�G � lG
V

(42)

where lG is the scale of turbulence. Because state-space
aeroservoelastic models are valid only up to some upper bound on
frequencies and to avoid white noise acceleration response of the
state-space model due to direct white noise excitation, the low pass
filter is added to the gust filter. The transfer function now is modified
to be

HG�s� �
a

s� a

wref
G �s�
w�s� (43)

The state-space model of this transfer function is now obtained:

f _xGg � �AG�fxGg � fBGgw; wref
G � �CG�fxGg (44)

where

�AG�3�3 �
0 0 �a�1=�2G�
1 0 ��1=�G��2a� �1=�G��
0 1 ��a� 2�1=�G��

2
4

3
5;

fBGg3 � a�wG

8<
:
�

�����������
1=�3G

p
� �����������

1=�G
p
0

9=
;

(45)

D. The Complete State-Space Model

Definition of the new complete state vector in the time domain

fxgT � � f�gT f _�gT fxlaggT fxIGlag
gT fxIIGlag

gT fxegT fxGgT �
(46)

finally yields the linear-time-invariant (LTI) state-space open-loop
aeroelastic equations of motion

f _xg � �L�fxg � fBgw (47)

where
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�L�

�

0n�n �I
Glag

0n�nII
Glag

0n�nG �ne 0n�3

�Ls� �L �I
D� �LII

D � �Le1
� �LG1

�
0nlag�n �I

Glag

0nlag�nIIGlag

0nlag�nG �ne 0nlag�3

0n �I
Glag

�2n�nlag
V
b
�R �I

G� 0n �I
Glag

�nII
Glag

�Le2
� �LG2

�
0nII

Glag
�2n�nlag

0nII
Glag

�n �I
Glag

V
b
�RII

G � �Le3
� �LG3

�
0nG �ne�2n�nlag

0nG �ne�n �I
Glag

0nG �ne�nIIGlag

�A1nG
e � �LG4

�
03�2n�nlag 0

3�n �I
Glag

03�nII
Glag

03�nG �ne �AG�

2
666666666666664

3
777777777777775

(48)

and

fBg �
�
0
2n�nlag�n

�I
Glag

�nII
Glag

�nG �ne
fBGg3

�
(49)

In Eq. (48) �Ls� is the part of the system’smatrix that is not influenced
by gust states.

�Ls�2n�nlag�2n�nlag

�
0n�n �I�n�n 0n�nlag

��� �M��1� �K��n�n ��� �M��1� �C��n�n qD� �M��1n�n�D�n�nlag
0nlag�n �E�nlag�n V

b
�R�nlag�nlag

2
64

3
75
(50)

The rest of the matrices in Eq. (48) are due to the gust excitation and
defined as follows:

�L �I
D� � qD� �M��1�D �I

G� (51a)

�LII
D �n�nIIGlag

� qD� �M��1 �Dm�1
G � �Dm�2

G � . . . �DnG
G �� �

(51b)

�Le1
�n�nG �ne �

qD

V
� �M��1

�
�AG0

��C1
nG
e � � b

V
�AG1

��C1
nG
e ��A1
nG

e �
�

(52a)

�Le2
�n �I

Glag
�nG �ne �

1

V
��E �I

G��CI
e��AI

e��n �I
Glag

�m�ne 0n �I
Glag

��nG�m�ne
h i

(52b)

�Le3
�nII

Glag
�nG �ne �

1

V
0nII

Glag
�m�ne ��EII

G ��CII
e ��AII

e ��nII
Glag

��nG�m�ne
h i

(52c)

�LG1
�n�3 � qD

b

V2
� �M��1�AG1

��C1
nG
e �fB1
nG

e g�CG� (53a)

�LG2
�n �I

Glag
�3 �

1

V
�E �I

G��CI
e�fBI

eg�CG� (53b)

�LG3
�nII

Glag
�3 �

1

V
�EII

G ��CII
e �fBII

e g�CG� (53c)

�LG4
�nG �ne�3 � fB1
nG

e g�CG� (53d)

The matrices �A1
nG
e �nG �ne�nG �ne and �C1
nG

e �nG�nG �ne are created using
the function in Eq. (30a), and

fB1
nG
e g � fB1
nG

e gnG �ne�1

is generated through the function in Eq. (30b).
Based on Eq. (47) for the open-loop case, the covariance matrix of

the state vector fxg for the case of stationary white noise excitation
can be found by solving an algebraic Lyapunov equation [7]:

�L��X� � �X��L�T ��fBgfBgT (54)

E. Sensitivity Analysis

Sensitivity analysis of the aeroelastic LTI system matrix with
respect to some design variableDV involves the differentiation of the
MIST approximation [Eqs. (2), (9), and (10)]. The MIST
approximation generation process is nonlinear and involves an
iterative process. The problem of obtaining derivatives of the MIST
approximants in the case where aerodynamic forces change due to
shape variation of a configuration was addressed in a previous work
[3]. By conducting an investigation based on singular value
decomposition of Roger approximants, the authors of [3] obtain the
connection between Roger and MIST approximations, showing that
approximate sensitivities of MIST rational approximations can be
calculatedwithout a nonlinear iterative process as follows by holding
the �D� matrix frozen:�

@Q�jk�
@DV

	
	

�
@A0

@DV

	
� jk

�
@A1

@DV

	
� �jk�2

�
@A2

@DV

	

� �D�jk��I�k � �R��1�
�
@E

@DV

	
(55)

The derivative of the static aerodynamic stiffness matrix is
calculated using the steady state aerodynamic matrix �Q�:�

@A0

@DV

	
�

�
@Q�k� 0�

@DV

	

Thus Eq. (55) is now a linear equation for �@A1=@DV�, �@A2=@DV�,
and �@E=@DV�, and it is solved by a single least-squares step without
iterations. With MIST approximant and its sensitivities available at
some reference design point (REF), approximations of the MIST
matrices away from that reference point can be obtained using direct
or reciprocal Taylor series. In the case of direct approximation

�Ai� 	 �Ai�REF �
X
j

�
@Ai

@DVj

	����
REF

�DVj �DVjREF
�; �i� 0; 1; 2�

(56)

�E� 	 �E�REF �
X
j

�
@E

@DVj

	����
REF

�DVj �DVjREF
� (57)

�D� 	 �D�REF (58)

Equations (55–58) apply to the generalized aerodynamic terms
due to motion in the structural modes used. For the gust terms the
relations are similar. However, it is preferable in the gust MIST case
to keep the matrix �E� as a constant and allow �D� to vary, because the
dimension of �E�, (n �I

Glag
�m), in the majority of cases is lower than

the dimension of the matrix �D �I
G�n�n �I

Glag

. In this way the precision of

the derivatives of the MIST approximation will be higher, because
more terms in the sensitivity-based approximation are allowed to
change

�
@Q �I

G

@DV

	
	

�
@A �I

G0

@DV

	
� jk

�
@A �I

G1

@DV

	

� jk

�
@D �I

G

@DV

	�
jk�I� � V

b
�R �I

G�
��1

�E �I
G� (59)

and similarly for the II gust inputs division
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�
@Qi
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� jk
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�
� jk

�
@Di

G
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�jk�I� � �Ri

G���1fEi
Gg; i�m� 1; . . . ; nG (60)

Now sensitivities for the complete system’s model can be found by differentiating Eqs. (48–54) as follows:

�
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�

0n�n �I
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0n�nG �ne 0n�3�
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The values of the vector fBg do not depend on any shape parameter, therefore�
@B

@DV

�
� f0

2n�nlag�n
�I
Glag

�nII
Glag

�nG �ne�3
g (62)

The derivative of the part of the system’s matrix corresponding to structural motions, followed by Eq. (55) is

�
@Ls

@DV

	
�

0 0 0

��@�� �M��1� �K��=@DV� ��@�� �M��1� �C��=@DV� qD�@� �M��1=@DV��D�
0

�
@E=@DV

	
0

2
664

3
775 (63)

The derivatives of the matrices � �M�, � �C�, and � �K� are obtained as follows:

�
@ �M

@DV

	
�

�
@M

@DV

	
� qD

b2

V2

�
@A2

@DV

	
;

�
@ �K

@DV

	
�
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�
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@DV

	
�

�
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� qD

b

V

�
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(64)

The rest of the derivatives are

�
@L �I

D

@DV

	
n�n �I

Glag

� qD

�
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D �I
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	�
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In Eqs. (66) and (67) the derivatives of the of the vectors f@BI
e=@DVg,

f@BII
e =@DVg, f@B1
nG

e =@DVg and the matrices �@AI
e=@DV�,

�@AII
e =@DV�, �@A1
nG

e =@DV� are the functions [Eqs. (27) and (28)]
of f@Bi

e=@DVg and �@Ai
e=@DV� where

�
@Ai

e

@DV

	
ne�ne

� 0ne�ne�1

�
@ �Ai

e

@DV

�
ne

� 	
(68)

The vectors f@ �Ai
e=@DVg and f@Bi

e=@DVg are found by
differentiating Eq. (29)

�
@ �Ai

e

@DV

�
� 9

T2
i

@Ti

@DV
20T�2

i 8T�1
i 1

� �
T (69)

�
@Bi

e

@DV

�
� 3

T2
i

@Ti

@DV
60T�2

i 16T�1
i 1

� �
T (70)

It is important to note that in the sensitivity equations for the gust
terms changes are accounted for not only due to the change in size
and locations of aerodynamic panels (and the resulting change in
aerodynamic influence coefficients) but also changes in the relative
locations of gust input reference points corresponding to different
gust input zones.

Sensitivity of the state covariance matrix with respect to shape
design variables is obtained by differentiation of Eq. (54):

�L�
�
@X

@DV

	
�

�
@X

@DV

	
�L�T ��

�
@L

@DV

	
�X� � �X�

�
@L

@DV

	
T

(71)

This sensitivity equation is another Lyapunov equation with similar
system matrices on the left hand side, and with a new right hand side
for every design variable. Because the original Lyapunov equation
for state covariance has been already solved during the analysis step,
matrices are already decomposed and solutions of the equation for
additional right hand sides are obtained quickly.

Whether gust responses (deformations and stresses) to time
dependent gust excitation or random gust excitation are required,
sensitivity of those responses with respect to configuration shape
DVs can be obtained once the derivatives of the system’smatrices are
obtained based on the method outlined above.

III. Variable Shape Wing-Tail Test Case

The wing/horizontal tail (wing-tail) configuration shown in Fig. 3
is used to evaluate the sensitivities and approximations presented
here. The half-span length of the wing and horizontal tail are Yw �
18 m andYt � 7 m, respectively. Their root-chord lengths are bwr �
2b� 9 m and btr � 4 m, and their root’s leading edge locations are
24 and 46 m, respectively, measured from the nose. The wing’s tip
chord length is bwt � 3 m and the tail’s tip chord is btt � 2 m.

The fuselage is modeled only for structural analysis as a group of
connected beam elements with the total length of 50 m. The sweep
angle of the wings is� (which is a shape design variable DV), and it
varies from 0 to 30 deg. The wings and the horizontal tail are
assumed to have a thickness of t� 0:08 m and their structural
material characteristics are the following: E� 73:8 GPa,
G� 24:4 GPa, and �� 2540 kg=m3.

The structural finite element results for the configuration for the
different values of the sweep angle � were calculated using MSC
NASTRAN [8]. The first 18 modes (including the pitch rigid body
mode) are taken for the aeroelastic analysis using Mach� 0
aerodynamics produced by the ZAERO code [9]. The generalized
aerodynamic force coefficient matrix corresponding to structural
mode shapes is approximated using nlag � 10 lag terms. The
configuration is divided into three different gust zones nG � 3. The
reference point for the whole configuration (where the gust wave
starts) is kept at the nose xref � 0, thus the distances of the other gust
reference points areL2 � 46 m andL3 � 24 m [see Eq. (21)].L1 is a
function of the sweep angle

L1 � 27� 1
2
Yw tan��� (72)

and therefore varies with the shape changes of the configuration.
Thefirst gust input zone (as shown in Fig. 3) includes the panels on

the outer half of the wing and it is approximated together with the
gust aerodynamics of the horizontal tail (the second gust zone) using
n �I
Glag

� 8 lag terms. The inner half of the wing, which belongs to the
third gust zone, is approximated separately with nII

Glag
� n3

Glag
� 8 lag

terms as well. Such an arrangement is selected based on the behavior
of the gust aerodynamic force coefficient matrix. As shown in
Figs. 4a and 4b the behavior of the aerodynamic terms of the first
[Q �I

G41
�k� � Q1

G4
�k�; see Eqs. (8) and (9)] and the second

[Q �I
G42

�k� � Q2
G4
�k�] gust zones (as functions of reduced frequency)

is similar, whereas the third gust zone [QII
G41

�k� � Q3
G4
�k�—see

Eq. (10)] is characterized by spiral behavior [Fig. 4c]. The division
into zones, aswasmentioned before, solves the problem of the highly
spiraled behavior of the gust aerodynamics (as for the outer wing
zone and the horizontal tail). To eliminate the remaining spiral
behavior in the third zone one needs to introduce additional gust
zoneswithin the inner half of thewing.However, as shown in Fig. 4c,
this is unnecessary in the present case because its aerodynamic
matrix is well approximated using a separateMIST approximant that
manages, using 8 dedicated lag terms, to capture the behavior.

Although methods for the unsteady aerodynamic analytic
sensitivity evaluation for variable shape configurations have been
developed [10], no such general capability yet exists. The planform
shape design sensitivities of the unsteady aerodynamic forces
�Q�jk�� and �QG�jk�� are calculated here using finite differences
applied on the results of the ZAERO code.

The reference sweep angle is chosen �REF � 15 deg with 1%
perturbation d�� 0:15 deg for finite differences. Shape
sensitivities of the minimum-state approximation are calculated
analytically, using the method in Eqs. (55–60), and Taylor series
approximations of the aerodynamic matrices are constructed [using
Eqs. (56–58)]. The sensitivities of the state-space model then can be
obtained analytically through Eqs. (61–70).

The example of the covariance of generalized state vector term
related to the third structural mode is presented in Fig. 5. The dots are
“exact” results obtained [solving the Lyapunov equation (54)] by
repeated full analyses using NASTRAN, ZAERO, MIST codes and
state-space stability analyses for each geometric shape (every 5 deg
from 0 to 30 deg). Approximate results using the sensitivities of the
system’s matrices are obtained by solving Eq. (54) with new state-
space matrices �L� [Eq. (47)] approximated as follows:

�L� � �L��REF
�

�
@L

@�

	
�ref

�� ��REF� (73)

The �B�matrix does not depend on the sweep angle and then remains
constant. The difference between the solid and the dashed lines is in

∆∆   
L1

L3

L2

X

Y

Y

Fig. 3 The wing-tail model with 3 gust zones. Planform shape

variations of the wing are shown.
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the method of calculating the sensitivity of the state-space matrix�
@L

@�

	
�REF

The solid line represents the results calculated based on analytical

sensitivities of the coefficients of the matrix

�
@L

@�

	
�REF

using Eqs. (55–70), whereas the dashed line follows the results of the
numerical, finite differences method sensitivities. These results are
obtained by directly calculating the above matrix using finite
differences:

�
@L

@�

	
�REF

� �L��REF�d� � �L��REF

d�
(74)

(As mentioned above, the results of the both methods for
�@L=@���REF

then used in Eq. (73) to approximate the new state-
space matrix and then solve the Lyapunov Eq. (54) for each method,
to obtain the covariance matrix �X�.)

It is obvious from the figure that the analytical sensitivities give
much better results in wider range of � (the maximum deviation in
the whole range of the sweep angle 0 deg<�< 30 deg is 15% at
�� 0 deg). The numerical sensitivity can be used only in the small
range of 
8 deg<�<
22 deg with the same maximal error of
15%.

In addition to the fact that the analytical sensitivities provide good
results, the method is very efficient in terms of calculation time,
compared with the time needed to run the repeated full analyses.
With 344 aerodynamic panels for the wing-tail configuration shown
inFig. 3, it takesmore than 10min to a 1.6GHzPentium IVprocessor
to run the full analysis for a single sweep angle value of the wing. On
the other hand, the sensitivity analysis run (based on the results for
the reference point) takes only a few seconds. Besides the significant
reduction at the CPU time, the user saves the time and effort needed
to generate finite element and aerodynamic models at each point
(other than the reference and the perturbated design points).

Figure 6 shows the flutter speed versus the sweep angle of the
wing. The results of the exact solution of the state-space model
coincide in almost the entire range of�with those of the ZAERO g-
method. This demonstrates the high quality match of the
aerodynamic force coefficients by MIST approximation. The results
based on the sensitivity Eq. (73) follow the behavior of the exact
solution with maximum error of less than 8% at the sweep angle of
5 deg.

Figure 7 presents the change in the damping coefficient at first 3
modes as a function of the sweep angle. The damping ratio is
obtained from the complex poles as
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Fig. 4 Quality of MIST approximation for gust terms with n �I
Glag

� 8
and nII

Glag
� n3

Glag
� 8 (in case of V � 75 m= sec and �� 15 deg).

a) Matching the Q
�I
G41

�k� term; b) Matching the Q
�I
G42

�k� term;

c) Matching the QII
G41

�k� term.
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Fig. 5 Comparison between the sensitivitymethods based on analytical
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��� Im��������������������������������������
Re2��� � Im2���

p (75)

and it is also a function of the flight velocity. As the sweep angle
varies flutter mechanisms change not only due to structural and
aerodynamic variation of the moving segments but also through
varying levels of wing/tail aerodynamic interference. Above �>

10 deg system response becomes more dominated by the
frequency close to the natural frequency of the third mode, as shown
in Fig. 7, compared with the effects of the second mode earlier.

Figure 8 shows the response of the system to white noise. The
covariance of a displacement in z direction

�2
z � E����zf�g����zf�g�T�� E����zf�gf�gT ���Tz �
� ���zE�f�gf�gT ����Tz (76)

where ���z is the eigenvector contribution at the z direction
calculated at two test points: the wing tip and the tail tip. The solid
line presents the results obtained by solving Eqs. (54) and (76) using
the approximated state matrix �L� [Eq. (73)]. On the other hand the
dashed line is constructed using the solution in Eq. (71) [together
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with Eq. (76)] in the following first order Taylor series
approximation:

�2
z � �2

z j�REF
� @

@�
����E�f�gf�gT ����Tz �j�REF

����REF�

and therefore has a constant slope. This approximation can follow
with better precision only a monotonic behavior [see Fig. 8b],
however, due to nonmonotonic flutter velocity the covariance of the
motions at the wings tip rises at both 0 and 30 deg sweep angles.

The approximation based on Eqs. (54), (73), and (76) provides a
good match to the exact solution and in most of the range of sweep
angles the error is less than 5%, with an exception of the vicinity of
�� 0 deg where the error reaches to 12%. One of the reasons for
this is that the 0 deg sweep angle reflects a 100% change of the
design variable from its initial point. But the main reason is that at
0 deg sweep angle the configuration first reaches instability and thus
damping variation in the critical pole leads to sensitivity of the gust
response rms with respect to shape at that region. The rapid rise of
gust response when variation of design variables leads to low
damping in any mode of motion is well known, and methods of
constructing robust approximations for this case have been described
before [11–13]. As shown in Fig. 9, as long as the speed of flight
remains low, and hence, damping in all poles is not too close to zero
(up to speeds of V � 70
 75 m= sec) one obtains good approxi-
mation match both for the deflection (Fig. 9a) and even for its
derivative (local angle of attack).

IV. Conclusion

Analytical sensitivities with respect to configuration shape design
variables have been derived for state-space models of aero-
servoelastic systems excited by gust inputs. Minimum-state rational
function approximations were used to transform aerodynamic load
expressions from the frequency domain to the time domain, and
sensitivities of such approximations were extended from terms
associated with structural motions to terms associated with the
downwash due to gusts. Sensitivity-based approximations of the
resulting gust response behavior, including Taylor-series based
direct approximations of the rms of the response, or Lyapunov
equation solutions using Taylor-series based approximate system
matrices were studied and compared. It was found that better
approximate solutions for gust response can be obtained if
approximate systemmatrices, based on Taylor series expansions, are
used with repeated full Lyapunov equation solutions, compared with
Taylor series approximations constructed directly for the gust
response behavior functions of interest. Analytic sensitivities with
respect to shape were shown to be accurate and reliable. Additional
contributions of the work reported here include development of the
most general state-space model with gust excitation where gust
influence is separated from the structural influence in the system.
Additionally, gust inputs are divided into gust zones to be transferred
from the frequency to the time domain partly together and the rest
separately. The analytical sensitivities with respect to shape
variations include sensitivities of the motion of these gust zones
when the shape varies. Good approximation accuracy in the
presented cases was demonstrated evenwhen a shape DV is changed
as much as 100%. Overall, the paper contributes to the development
of design-oriented analysis techniques for multidisciplinary design
optimization of flight vehicles.

Appendix A: Gust Zones and Regions

For clarity, the classical linear aeroelastic equation including gust
excitation formulated in the Laplace domain is

�s2�M� � s�C� � �K� � qD�Q�s���f��s�g � qD

V
fQG�s�gwG�s�

(A1)

Here fQG�s�g is actually a Laplace-transformed aerodynamic force
coefficients vector. The induced angle of attack at some station x is

defined as follows

��s� � wref
G �s�
V

e�s��x�xref �=V� (A2)

where the gust profile wref
G is measured at some reference point (see

Fig. 1). However, it makes it hardly realistic to generate good
approximations for the gust vector using the formulation above
[Eq. (A1)] especially in complex cases of the whole aircraft
configuration. For the aircraft, the distance x � xref becomes large
enough to exhibit a highly spiral shape at high frequencies as
presented in [5]. This spiral curves cannot be correctly approximated
by a rational polynomial expression. Therefore, the gust force is
divided into a few gust zones, each with different reference point.
This complicates the problem by introducing additional states into
the state-space model, however, it prevents generation of the spiral
behavior by keeping each distance x � xref relatively small. As
mentioned above in this formulation the vector fQG�s�gn�1 becomes
an aerodynamic force coefficient matrix �QG�s��n�nG . This matrix is
then approximated by rational functions. In this work we go step
forward by developing the equations for themore general case where
the matrix �QG�s��n�nG is further divided into two regions. The first
region �QG�s��n�m [see Eq. (8)], is approximated all together,
whereas the rest of the columns of the gust aerodynamic force
coefficient matrix are approximated each by its own rational
function. These columns usually have different behavior patterns
from the rest of matrix (which is related to the first region), and
therefore approximated separately to better capture the behavior.

The choice of the gust zones, as well, which gust column to relate
to which region, depends on the problem solved. Usually for a whole
aircraft configuration it is wise to divide the wing into one or two
zones. An additional gust zone is created for the tail. In the case of a
very wide wing, or for the high sweep angle wing, the distance
x � xref might become large enough to make it hard to obtain an
adequate approximation. In this case extra zones are added. The gust
columns are then plotted in theRe–Im plane for the different k values
and the user might decide on the sequence for the two regions. In
some cases the division into regions is not necessary and the whole
matrix �QG�s��n�nG is approximated by one function. This is a
particular case of the general formulation presented in this article.

Appendix B: The Rational Approximation
of the Delay Transfer Function

The general rational approximated (polynomial ratio) filter of the
order ne for e

�Tis can be presented as follows:

e�Tis 	 ane�1�Tis�ne�1 � ane�2�Tis�ne�2 � . . .� a1�Tis� � a0

�Tis�ne � bne�1�Tis�ne�1 � . . .� b1�Tis� � b0

(B1)

Expanding an exponent into Taylor series Eq. (B1) becomes

��Tis�ne � bne�1�Tis�ne�1 � . . .� b1�Tis�

� b0�
�X2ne�1

j�1

��1�j
j!

�Tis�j �O��Tis�2ne �
�

	 ane�1�Tis�ne�1 � ane�2�Tis�ne�2 � . . .

� a1�Tis� � a0 (B2)

where O��Tis�2ne � is a truncation error of the order 2ne. Finally, the
comparison of the coefficients in the expression above gives the
system of equations, which can be divided into two subsystems
solved separately: the first subsystem�Pne�1

j�0
��1�j

�i�j�1�! bne�j�1 � 1
i!
; i� 0; 1; . . . ; ne � 1 (B3)

provides the solution for b0; b1; . . . ; bne�1, whereas the rest
coefficients a0; a1; . . . ; ane�1 are obtained as follows:
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ai �
Xi

j�0

��1�i�j
�i � j�! bj; i� 0; 1; . . . ; ne � 1 (B4)

As an example, for the third order filter (ne � 3), Eq. (B3) becomes8>><
>>:
b2 � 1

2
b1 � 1

6
b0 � 1

1
2
b2 � 1

6
b1 � 1

24
b0 � 1

1
6
b2 � 1

24
b1 � 1

120
b0 � 1

2

(B5)

whose solution is

b2 b1 b0

� �� 9 36 60
� �

(B6)

and then using Eq. (B4) the rest coefficients are

a0 � b0 � 60; a1 ��b0 � b1 ��24

a2 �
1

2
b0 � b1 � b2 � 3

(B7)
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